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Using inequality techniques and coincidence degree theory, new results are provided
concerning the existence of T -periodic solutions for fourth-order nonlinear differential
equations. Two illustrative examples are provided to demonstrate that the results in this
paper hold under weaker conditions than the existing ones, and are more effective.
© 2009 Elsevier B.V. All rights reserved.
1. Introduction
There has been a great deal of work on the problem of the periodic solutions of fourth-order nonlinear differential
equations, which have been used to describe nonlinear oscillations [1–3], and fluid mechanical and nonlinear elastic
mechanical phenomena [4–9]. Recently, Bereanu [10] discussed the existence of T -periodic solutions of fourth-order
nonlinear differential equations of the type
u′′′′(t)− pu′′(t)− g(t, u(t)) = e(t) (1)
where p ∈ R, g : R2 → R is continuous, T -periodic in t , and e : R→ R is continuous, T -periodic, with ∫ T0 e(t)dt = 0.
Bereanu [10] also provided a sufficient condition for such existence of T -periodic solutions for Eq. (1) with p > −(piT )2,
but the result leaves space for improvement. In [10], the author obtained the following inequalities:
Lemma A. (i) For any u ∈ C2T one has that∫ T
0
|u′(t)|2dt ≤
(
T
pi
)2 ∫ T
0
|u′′(t)|2dt.
(ii) For any u ∈ C4T one has that
‖u(k)‖∞ ≤ T 3−k
∫ T
0
|u′′′′(t)|dt (k = 1, 2, 3).
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By using an argument similar to that in the proof of Lemma 2 in [10], we shall improve Lemma A as follows.
Lemma A*. (i) For any u ∈ C2T one has that∫ T
0
|u′(t)|2dt ≤
(
T
2pi
)2 ∫ T
0
|u′′(t)|2dt.
(ii) For any u ∈ C4T one has that
‖u(k)‖∞ ≤ T 3−k
(
1
2
)3−(k−1) ∫ T
0
|u′′′′(t)|dt (k = 1, 2, 3).
Therefore, the condition p > −(piT )2 in Theorem 1 of [10] should be relaxed to
p > −
(
2pi
T
)2
.
Furthermore, in this paper, by using an argument similar to that in the proof of Theorem 1 in [10], we obtain sharp a priori
estimates for a periodic solution to Eq. (1) and its generalized equations, which improves upon the main results obtained
in [10], as we demonstrate using two illustrative examples.
Next, we consider fourth-order nonlinear differential equations of the type
u′′′′(t)+ au′′′(t)− pu′′(t)+ f (u(t))u′(t)− g(t, u(t)) = e(t) (2)
where a, p ∈ R, g : R2 → R is continuous, T -periodic in t , f : R→ R is continuous, and e : R→ R is continuous, T -periodic,
with
∫ T
0 e(t)dt = 0.
Obviously, Eq. (1) is the special case of Eq. (2) with a = f (u) ≡ 0.
Throughout this paper, we will assume that:
(H1) There exist d > 0 and  ∈ {−1, 1} such that, for any continuous T -periodic function u, we have

∫ T
0
g(t, u(t))dt < 0 if min
R
u ≥ d,
and

∫ T
0
g(t, u(t))dt > 0 if min
R
u ≤ −d.
(H2) There existM > 0, k ≥ 0 and 1 ≤ α < 2 such that
ug(t, u) ≤ M + k|u|α for all (t, u) ∈ R2.
The paper is organized as follows. In Section 2, we introduce some necessary notation and establish some preliminary
results, which are important in the proofs of our main results. On the basis of the preparations in Section 2, we state and
prove our main results in Section 3.
2. Preliminary results
Let us introduce some notation. Form ∈ N, we denote by CmT the Banach space
CmT = {u ∈ Cm(R,R) : u(t) = u(t + T ) for all t ∈ R}
endowed with the norm
‖u‖(m) =
m∑
k=0
‖u(k)‖∞ (u ∈ CmT ),
where, for a function v ∈ C0T , we have that
|v|∞ = max[0,T ] |v|.
Now, let f˜ : R5 → R be a continuous function, T -periodic with respect to the first variable, and consider the fourth-order
differential equation
u′′′′ = f˜ (t, u, u′, u′′, u′′′). (3)
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Lemma 1 (See [11]). Assume that the following conditions hold.
(i) There exists ρ > 0 such that, for each λ ∈ (0, 1], one has that any possible T -periodic solution u of the problem
u′′′′ = λ˜f (t, u, u′, u′′, u′′′)
satisfies the a priori estimate ‖u‖(3) < ρ .
(ii) The continuous function F : R→ R defined by
F(x) =
∫ T
0
f˜ (t, x, 0, 0, 0)dt (x ∈ R),
satisfies F(−ρ)F(ρ) < 0.
Then, (3) has a least one T-periodic solution u such that ‖u‖(3) < ρ .
Lemma 2. For any u ∈ C2T one has that∫ T
0
|u′(t)|2dt ≤ (T/2pi)2
∫ T
0
|u′′(t)|2dt. (4)
Proof. Lemma 2 is a direct consequence of the Wirtinger inequality; see [12,13] for its proof. 
Lemma 3. For any u ∈ C4T one has that
‖u(k)‖∞ ≤ T 3−k
(
1
2
)3−(k−1) ∫ T
0
|u′′′′(t)|dt (k = 1, 2, 3). (5)
Proof. Let v ∈ C2T . It follows from v(0) = v(T ) that there exists ξ¯ ∈ [0, T ] such that v′(ξ¯ ) = 0. Then, we have
|v′(t)| = |v′(ξ¯ )+
∫ t
ξ¯
v′′(s)ds| ≤
∫ t
ξ¯
|v′′(s)|ds, t ∈ [ξ¯ , ξ¯ + T ],
and
|v′(t)| = |v′(t − T )| =
∣∣∣∣∣v′(ξ¯ )−
∫ ξ¯
t−T
v′′(s)ds
∣∣∣∣∣ ≤
∫ ξ¯
t−T
|v′′(s)|ds, t ∈ [ξ¯ , ξ¯ + T ].
Combining the above two inequalities, we obtain
|v′|∞ = max
t∈[0,T ]
|v′(t)| = max
t∈[ξ¯ ,ξ¯+T ]
|v′(t)|
≤ max
t∈[ξ¯ ,ξ¯+T ]
{
1
2
(∫ t
ξ¯
|v′′(s)|ds+
∫ ξ¯
t−T
|v′′(s)|ds
)}
≤ 1
2
∫ T
0
|v′′(s)|ds. (6)
Now, let u ∈ C4T ; applying (6) for v = u′′, we deduce (5) for k = 3. The cases k = 1, 2 follow immediately from the case
k = 3 and (6). This completes the proof of Lemma 3. 
3. Main results
Theorem 1. If (H1)–(H2) hold and
p > −
(
2pi
T
)2
, (7)
then (2) has at least one T-periodic solution.
Proof. We will use Lemma 1 with the nonlinearity f˜ : R5 → R given by
f˜ (t, u, v, w, z) = e(t)− az + pw − f (u)v + g(t, u) ((t, u, v, w, z) ∈ R5).
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For λ ∈ (0, 1], we consider the fourth-order differential equation
u′′′′(t)+ λau′′′(t)− λpu′′(t)+ λf (u(t))u′(t)− λg(t, u(t)) = λe(t). (8)
Let us show that (i) in Lemma 1 is satisfied; that means, there exists ρ > 0 such that any possible T -periodic solution u of
(8) is such that
|u|3 < ρ. (9)
Let λ ∈ (0, 1] and u be a possible T -periodic solution of (8). In what follows Ck denotes a fixed constant independent of λ
and u. Integrating in (8) from 0 to T , it results that∫ T
0
g(t, u(t))dt = 0,
which together with (H1) implies that
∃ξ ∈ [0, T ] : |u(ξ)| < d.
Hence, for t ∈ [0, T ],
|u(t)| =
∣∣∣∣u(ξ)+ ∫ t
ξ
u′(s)ds
∣∣∣∣ ≤ d+ ∫ t
ξ
|u′(s)|ds, t ∈ [ξ, ξ + T ],
and
|u(t)| = |u(t − T )| =
∣∣∣∣u(ξ)− ∫ ξ
t−T
u′(s)ds
∣∣∣∣ ≤ d+ ∫ ξ
t−T
|u′(s)|ds, t ∈ [ξ, ξ + T ].
Combining the above two inequalities, we obtain
|u|∞ = max
t∈[0,T ]
|u(t)| = max
t∈[ξ, ξ+T ]
|u(t)|
≤ max
t∈[ξ,ξ+T ]
{
d+ 1
2
(∫ t
ξ
|u′(s)|ds+
∫ ξ
t−T
|u′(s)|ds
)}
≤ d+ 1
2
∫ T
0
|u′(s)|ds
≤ d+ 1
2
√
T
(∫ T
0
|u′(t)|2dt
)1/2
. (10)
In view of (4) and (10), we get
|u|∞ ≤ d+ (T
√
T/4pi)
(∫ T
0
|u′′(t)|2dt
)1/2
. (11)
Thus ∣∣∣∣∫ T
0
e(t)u(t)dt
∣∣∣∣ ≤ Td|e|∞ + (T 2√T/4pi)|e|∞ (∫ T
0
|u′′(t)|2dt
)1/2
. (12)
On the other hand, multiplying Eq. (8) by u and integrating it from 0 to T , it follows that∫ T
0
|u′′(t)|2dt + λp
∫ T
0
|u′(t)|2dt = λ
∫ T
0
u(t)g(t, u(t))dt + λ
∫ T
0
e(t)u(t)dt. (13)
Assume that p < 0. Using (11) and (12) and (H2), we have
(1+ p(T/2pi)2)
∫ T
0
|u′′(t)|2dt ≤ TM + Tk|u|α∞ + Td|e|∞ + (T 2
√
T/4pi)|e|∞
(∫ T
0
|u′′(t)|2dt
)1/2
≤ TM + Tk
(
d+ 1
2
√
T
(∫ T
0
|u′(t)|2dt
)1/2)α
+ Td|e|∞ + (T 2
√
T/4pi)|e|∞
(∫ T
0
|u′′(t)|2dt
)1/2
,
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which together with p > −(2pi/T )2 and 0 ≤ α < 2 implies that there exists a positive constant C1 satisfying∫ T
0
|u′′(t)|2dt ≤ C1 and
∫ T
0
|u′′(t)|dt ≤ √TC1. (14)
From (14) and (11), we can choose a constant C2 such that
|u|∞ ≤ C2. (15)
If a = 0, using (8), (14) and (15), it follows that there exists a constant C3 satisfying∫ T
0
|u′′′′(t)|dt ≤ C3, (16)
which together with (5) and (15) implies the existence of a constant ρ > d such that (9) holds.
If a 6= 0, multiplying Eq. (8) by u′′′ and integrating it from 0 to T , we obtain
|a|
∫ T
0
|u′′′(t)|2dt ≤ sup
|u|≤C2
|f (u)|
∫ T
0
|u′(t)||u′′′′(t)|dt + sup
|u|≤C2,t∈R
|g(t, u)|
∫ T
0
|u′′′(t)|dt + |e|∞
∫ T
0
|u′′′(t)|dt
≤ sup
|u|≤C2
|f (u)|
(∫ T
0
|u′(t)|2dt
) 1
2
(∫ T
0
|u′′′(t)|2dt
) 1
2
+
(
sup
|u|≤C2,t∈R
|g(t, u)| + |e|∞
)(∫ T
0
|u′′′(t)|2dt
) 1
2
≤
(
sup
|u|≤C2
|f (u)| T
2pi
√
C1 + sup
|u|≤C2,t∈R
|g(t, u)| + |e|∞
)(∫ T
0
|u′′′(t)|2dt
) 1
2
.
Therefore, there exists a positive constant C4 satisfying∫ T
0
|u′′′(t)|2dt ≤ C4 and
∫ T
0
|u′′′(t)|dt ≤ √TC4. (17)
Then, we can also show that (16) holds, and there exists a constant ρ > d such that (9) holds.
Assume p ≥ 0; in view of (13) and (H2), we have∫ T
0
|u′′(t)|2dt ≤ MT + Tk
(
d+ 1
2
√
T
(∫ T
0
|u′(t)|2dt
)1/2)α
+
∣∣∣∣∫ T
0
e(t)u(t)dt
∣∣∣∣ .
As in the preceding step, this implies that (9) holds.
Now, to show that (ii) in Lemma 1 is satisfied, it suffices to remark that
F(x) =
∫ T
0
g(t, x)dt (x ∈ R).
Hence, from (H1) and ρ > d it results that F(−ρ)F(ρ) < 0. Then, by Lemma 1, we obtain that (1) has at least one T -periodic
solution u satisfying (9). This completes the proof. 
4. Examples and remarks
Example 1. Let a, b : R → R be two continuous, strictly positive and T -periodic functions and e : R → R be continuous,
T -periodic, with
∫ T
0 e(t)dt = 0. Then the fourth-order differential equation
u′′′′(t)+ 200u′′(t)+
(
1.5pi
T
)2
u′′(t)+ esin u(t)u′(t)− a(t)u(t)+ b(t)u3(t) = e(t)
has at least one T -periodic solution. For the proof, it suffices to remark that the function g(t, u) ≡ a(t)u− b(t)u3 satisfies
lim
u→±∞ g(t, u) = ∓∞ and limu→±∞ ug(t, u) = −∞
uniformly with respect to t ∈ R. Hence, g satisfies (H1) and (H2), and the result follows from Theorem 1.
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Example 2. Let a : R → R be continuous, strictly positive and T -periodic, f : R → R be continuous, and e : R → R be
continuous, T -periodic, with
∫ T
0 e(t)dt = 0. If n is an odd positive integer, then the fourth-order differential equations
u′′′′(t)+ 1200u′′′(t)+
(
1.5pi
T
)2
u′′(t)+ f (u(t))u′(t)± a(t)un(t) exp(−u2(t)) = e(t)
have at least one T -periodic solution. For the proof, it suffices to remark that the function g(t, u) ≡ ∓a(t)un exp(−u2)
satisfies
lim
u→±∞ ug(t, u) = 0,
uniformly with respect to t ∈ R. Hence, g satisfies (H1) and (H2) and the result follows from Theorem 1.
Remark 1. Since p = −( 1.5piT )2, one can observe that the condition p > −(piT )2 in [10] is not satisfied. Hence, the results
obtained in [10] and the references cited therein are not applicable to Examples 1 and 2. Moreover, all the results in [10] are
the special case of Eq. (2) with a = f (u) ≡ 0. This implies that the results of this paper are essentially new.
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